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A dual-core waveguide with balanced gain and loss in different arms and with intermodal coupling
is considered. The system is not invariant under the conventional PT symmetry but obeys CPT
symmetry where an additional spatial inversion C corresponds to swapping the coupler arms. We
show that second-order dispersion of coupling allows for unbroken CPT symmetry and supports
propagation of stable vector solitons along the coupler. Small-amplitude solitons are found in explicit
form. The combined effect of gain-and-loss and dispersive coupling results in several interesting
features which include a separation between the components in different arms, nontrivial dependence
of stability of a soliton on its velocity, and the existence of more complex stationary two-hump
solutions. Unusual decay dynamics of unstable solitons is discussed too.
PACS numbers:
Physical properties of the mode coupling in parallel
optical waveguides determine functionalities of devices
based on such structures. One of the mentioned proper-
ties is the dispersion of the coupling, which was experi-
mentally observed in [1]. When waveguides are nonlin-
ear, intermodal coupling affects the existence and sta-
bility of two-component optical solitons. This topic has
been initiated by studies in [2, 3] and received consid-
erable attention in the theory of nonlinear couplers. In
particular, there have been performed detailed numerical
studies of soliton propagation and switching in conserva-
tive directional couplers whose arms obey Kerr nonlin-
earity with account of first- [4] and second-order [5] dis-
persive terms in coupling constant. Selective all-optical
switching was described in [6]. Peculiar dark solitons sup-
ported by dispersive coupling were reported in [7]. More
recently it was found that dispersive coupling stabilizes
spatio-temporal solitons in Kerr media [8].
In this Letter, we consider a dual-core waveguide with
balanced gain and loss and show that this system sup-
ports propagation of stable linear waves and solitons
whose properties are significantly affected by the inter-
modal dispersion. The dual-core waveguide is governed
by the system
i
∂q1
∂z
= −∂
2q1
∂τ2
+ iγq1 −Kq2 − 2|q1|2q1,
i
∂q2
∂z
= −∂
2q2
∂τ2
− iγq2 −Kq1 − 2|q2|2q2.
(1)
Here q1,2 are the dimensionless fields, z and τ are the
propagation coordinate and reduced time, respectively,
and γ > 0 describes gain in the first and dissipation in
the second waveguides. The intermodal dispersion is de-
scribed by the operator [2, 3, 5] K = κ0 + iκ1∂τ − κ2∂2τ ,
with real constants κ0,1,2 characterizing dispersionless
coupling (κ0), first (κ1) and second (κ2) orders of the
dispersion. These coefficients may vary in relatively wide
range as functions of the carrier frequency, width of the
pulse, and material parameters [5, 9].
At γ = κ1,2 = 0 and κ0 6= 0 the model is reduced to
the conservative unidirectional coupler [10]. Nonzero γ
corresponds to a system with balanced gain and losses.
For κ1,2 = 0, double-core structures of this type, have
been attracting steady attention in the context of PT
symmetry [11], without [12, 13] and in the presence [14,
15] of temporal dispersion (see [16] for a comprehensive
review). When κ2 = 0 and other parameters are nonzero,
(1) is reduced to the model of CPT -symmetric spin-orbit
coupled Bose-Einstein condensate, introduced in [17] and
considered in the two-dimensional setting in [18].
Following [17], we notice that system (1) is not in-
variant under the conventional PT transformation with
the “time”-reversal operator T : i → −i, z → −z and
the “spatial” inversion operator P defined as in Quan-
tum Mechanics τ → −τ [11] (notice that in optical ap-
plications the roles of time and space coordinates are
exchanged). Also, the model (1) is not invariant un-
der the action CT transformation, where operator C is a
transverse spatial inversion, defined as in optics of guided
structures [12, 13], by swapping the waveguides q1 ↔ q2.
However model (1) is symmetric if all three symmetry
operators are involved, i.e., it is CPT symmetric. We
notice that the usage of notation C stems from the sim-
ilarity of this transformation with the charge operator
(see Refs. [16, 17] for more details). For discussion of the
operator C in another double-core system with gain and
losses we mention Ref. [19].
Without loss of generality, we assume that κ0, κ1 > 0.
The linear dispersion relation, q1,2 ∝ eibz−iωτ , of Eq. (1)
consists of two branches: b1,2 = −ω2 ± (Kˆ2(ω)− γ2)1/2,
where Kˆ(ω) = κ2ω
2+κ1ω+κ0. Thus the linear spectrum
is all-real if κ21 < 4κ0κ2 and the gain-and-loss coefficient
is below the CPT -symmetry breaking threshold: γ ≤
2FIG. 1: Linear dispersion relations for κ{0,1,2} = {1, 0.5, 0.1}
and (a) γ = 0.2 (unbroken CPT -symmetric phase), and (b)
γ = 0.4 (slightly above the CPT symmetry breaking threshold
γCPT = 0.375). Shaded domain in (b) shows the frequency
band where the dispersion curves merge and the correspond-
ing propagation constants become complex-valued.
γCPT = κ0 − κ21/(4κ2). Thus the spectrum always con-
tains complex propagation constants for κ2 = 0. How-
ever, sufficiently strong second-order dispersion κ2 > 0
allows to achieve unbroken CPT symmetry, i.e., makes
the spectrum all-real. Examples of dispersion curves for
the system with the unbroken and broken CPT symme-
tries are presented in Fig. 1. If the former case [Fig. 1(a)]
both propagation constants are real for any ω. For the
broken CPT symmetry [Fig. 1(b)], there is a band of
frequencies [shown by a gray stripe] where the two dis-
persion curves merge, and eigenvalues acquire nonzero
imaginary parts.
System (1) can be significantly simplified in the ab-
sence of resonant processes, as explained below. Indeed,
let us perform the Fourier transform of (1) with respect
to τ , introduce the rotation matrix
S(ω) =
(
e−iα(ω) −eiα(ω)
eiα(ω) e−iα(ω)
)
, α(ω) =
1
2
arcsin
[
γ
Kˆ(ω)
]
,(2)
and define the column-vectors q = (q1, q2)
T (“T ” stands
for transpose), and pˆ = S−1qˆ. Hereafter a hat-symbol
stands for the Fourier transform: i.e. qˆn = F [qn] =∫∞
−∞
qne
iωτdτ . Then, it is straightforward to show that
pˆ1,2 solve
∂pˆ1
∂z
= ib1pˆ1 +
i
cos(2α)
(e−iαF [|q1|2q1] + eiαF [|q2|2q2]),
∂pˆ2
∂z
= ib2pˆ2 − i
cos(2α)
(eiαF [|q1|2q1]− e−iαF [|q2|2q2]).
(3)
If solution pˆ is found, the field in the coupler
is given by the inverse Fourier transform q =
1
2pi
∫∞
−∞
e−iωτS(ω)pˆ(ω)dω.
Now we assume that there exist no frequencies ω, ω1,2
for which at least one of the two resonant conditions
bn(ω1) + bn(ω2)− bn(ω1 +ω2−ω) = b3−n(ω), n = 1, 2,
(4)
is satisfied. Then one can apply the rotating wave ap-
proximation (RWA) [20] to equations (3), i.e. neglect all
terms “rotating” with the frequency different from bn in
the Fourier integrals in the equation for pˆn (n = 1, 2).
In this way one ensures that the system (3) admits non-
trivial solutions where either pˆ1(ω) ≡ 0 or pˆ2(ω) ≡ 0.
For such solutions the system of two nonlinearly coupled
equations (3) is reduced to a single one. As an example,
we consider the case pˆ2(ω) ≡ 0. Then (3) gives
i
∂pˆ1(ω)
∂z
= −b1(ω)pˆ1(ω)−
∫∫
dω1dω2G(ω, ω1, ω2)
×pˆ1(ω1)pˆ1(ω2)pˆ∗1(ω1 + ω2 − ω), (5)
where
G(ω, ω1, ω2) =
cos [α(ω1) + α(ω2)− α(ω1 + ω2 − ω) + α(ω)]
2pi2 cos[2α(ω)]
.
Several comments are in order here. First, the deriva-
tion of (5) does not rely on the specific form of Kˆ(ω).
Therefore this equation takes into account dispersion of
all orders accounted by the coupling K and remains
valid for a general integral coupling of the form Kq =∫ K(τ − t)q(t)dt where K(τ) is some localized function.
Second, the solution pˆ1 6≡ 0, pˆ2 ≡ 0 (or vice versa)
describes solutions with conserved total energy flow U =∫ (|q1|2 + |q2|2) dτ : dU/dz = 0. This follows from the
Parceval equality
∫ |q1|2dτ = ∫ |pˆ1|2dω = ∫ |q2|2dτ .
Third, in spite of the approximate character of Eq. (5)
obtained under the RWA, it gives an exact plane wave
solution of the original system (1). Indeed, a particu-
lar solution of (5) in the form pˆ1 =
√
2piA exp{i[b1(Ω) +
|A|2]z}δ(ω−Ω), where A and Ω are arbitrary amplitude
and frequency, respectively, corresponds to the plane
wave
q1,2 = (A/
√
2) exp{i[b1(Ω) + |A|2]z − iΩτ ∓ iα(Ω)}. (6)
Finally, (5) is a convenient starting point for obtain-
ing approximate small-amplitude solitons. To this end,
we consider the frequency ω0 corresponding to the max-
imum of the upper branch of the linear spectrum, i.e.,
the frequency defined from b′1(ω0) = 0 (hereafter b
′
j(ω) ≡
∂bj/∂ω). We assume that pˆ1(ω) is a small-amplitude
function well-localized around ω = ω0. Performing the
Taylor expansion of Eq. (5) in powers of ω − ω0 and cal-
culating the inverse Fourier transform, we arrive at the
standard nonlinear Schro¨dinger (NLS) equation for the
field p1:
∂p1
∂z
= i
(
b1 +
ω20b
′′
1
2
)
p1+ω0b
′′
1
∂p1
∂τ
− ib
′′
1
2
∂2p1
∂τ2
+2i|p1|2p1.
(7)
Here b1 and b
′′
1 are computed at ω = ω0. Equation (7)
has a solution in the form of the bright soliton. In terms
of the original field variables it reads
q1,2 = a
exp
{
i[a2 + b1(ω0)]z − iω0τ ∓ iα(ω0)
}
cosh
[
a(2/|b′′1(ω0)|)1/2 (τ ± α′(ω0))
] , (8)
3FIG. 2: (a) Family of solitons for γ = 0.2 and κ{0,1,2} =
{1, 0.5, 0.1}. Solutions are stable for b . 1.78 and unstable
otherwise. (b) Example of a stable soliton from (a) corre-
sponding to b = 1.7. Solid and dashed curves show moduli
|q1,2| current distributions j1,2, respectively.
where a is arbitrary (small) amplitude. Thus, the com-
bined effect of the gain and loss and the dispersive cou-
pling introduces temporal shift 2α′(ω0) between the soli-
ton components. In order to estimate this shift, it is
convenient to notice that for sufficiently small first-order
dispersion κ1 the frequency ω0 for which the dispersion
curve b1(ω) attains its maximum can be approximated as
ω0 ≈ κ1κ0/[2((κ20− γ2)1/2−κ0κ2)]. For example, for the
parameters in Fig. 1(a) and in Fig. 2, ω0 ≈ 0.28. Using
this value together with the set of representative parame-
ters Fig. 2, we compute α′(ω0) ≈ −0.043, i.e., the field in
the arm with gain (loss) is slightly shifted to the domain
τ > 0 (τ < 0). Another effect of the dispersive coupling
consists in non-zero energy currents jn = |qn|2(arg qn)τ
in the soliton components [illustrated in Fig. 2 (b)].
Eq. (8) gives a simple estimate jn ≈ −ω0|qn|2.
In the limit of nondispersive coupling, κ1 = κ2 = 0, so-
lution (8) reduces to symmetric [14] (or “high-frequency”
[21]) soliton, and upon further simplification of the model
corresponding to γ = 0 it reduces to the symmetric mode
q1 = q2 in the coupled NLS equations [10].
For solitons of arbitrary amplitude, we use the sub-
stitution qn = e
ibzwn(τ). In the vicinity of the small-
amplitude limit, the propagation constant b and func-
tions wn can be approximated by the expression (8).
Then the soliton family can be numerically continued up
to arbitrary amplitude. An example of the soliton family
and a representative profile are shown in Fig. 2. Using
the substitution qj = e
ibz[wn + fn(τ)e
λz + g∗n(τ)e
λ∗z],
where fn, gn are the small perturbations and λ is the
perturbation growth rate, we have performed the linear
stability analysis for the obtained solutions. The fam-
ily shown in Fig. 2 is stable for sufficiently small ampli-
tudes; at b ≈ 1.78 the solutions become unstable due to
appearance of a pair of purely real eigenvalues λ = ±λ0
indicating strong exponential instability.
Proceeding in a similar way, one can construct a fam-
ily of solitons bifurcating at the maximum of the lower
dispersion curve b2(ω). These solitons co-exist with the
spectrum of linear modes of the upper branch b1(ω). In
the limit κ1,2 = 0 they reduce to “low-frequency” solitons
in the PT -symmetric coupler which are known to be al-
ways unstable [21]. Our results show that solitons of this
type remain unstable for nonzero κ1,2, and we therefore
do not consider these solutions in this Letter.
Now we investigate the effect of dispersive coupling on
moving solitons. The latter can be obtained in the frame
moving with a constant velocity v using the Galilean
transformation: qn = e
i(b−v2/4)z+ivτ/2wn(τ − vz). The
fields w1,2 solve the system (n = 1, 2)
∂2wn
∂ξ2
− [b− (−1)n]wn +Kvw3−n + 2|wn|2wn = 0, (9)
where ξ = τ − vz, and the coupling is modified by the
velocity:
Kv = κ0− vκ1/2+ v2κ2/4+ i(κ1− κ2v)∂ξ − κ2∂2ξ . (10)
Thus the nonzero velocity effectively changes the cou-
pling coefficients κ0 and κ1, thereby affecting the soli-
ton’s properties.
In Fig. 3(a) we show existence and stability domains
of moving solitons for different strengths of the inter-
modal dispersion κ1 and velocities v (with other param-
eters kept unchanged). Solutions exist in a finite band of
velocity values. At the boundaries of the existence region
the power vanishes and the soliton transforms into linear
wave [see the power curves in Fig. 3(c)]. For fixed κ1,
the power is a non-monotonic function of v approaching
its maximum at vmax = κ1/κ2. This is consistent with
the change, at vmax, of the sign of the first-order disper-
sion in the effective coupling (10). As follows from the
stability diagram, solutions with small power are stable,
whereas large-amplitude solitons feature strong exponen-
tial instabilities. For large κ1 (& 0.55) the soliton family
merges with a new family which consist of high-power
solitons [compare curves with κ1 = 0.5 and κ1 = 0.6 in
Fig. 3(c)]. As a result, the existence domain in Fig. 3(a)
has a “gap”. Solutions from the new family have two-
hump profiles [see Fig. 4(b) and the discussion below].
We also notice that the solitons exist in the domain of
broken CPT symmetry [κ1 & 0.63 in Fig. 3(a)]. How-
ever, they are unstable due to the instability of the linear
waves.
Figure 3(b) illustrates the existence and stability do-
mains for solitons on the plane (κ2, v). In this diagram we
observe that apart from the domains of exponential in-
stability (associated with a pair of purely real eigenvalues
±λ0), some of the solutions feature relatively weak oscil-
latory instabilities [due to a quartet of complex eigenval-
ues (±λ,±λ∗)]. The existence and stability domains in
v shrink as κ2 increases. On the other hand, for small
κ2 (. 0.078) the CPT -symmetric phase is broken, and
solitons become unstable.
Unstable moving solitons develop various dynamical
scenarios, depending on the system parameters. A rela-
tively weak instability manifests itself in a slight change
of the soliton’s velocity. A stronger instability can lead
4FIG. 3: Domain of existence (colored) of symmetric solutions
with b = 1.66 (a) on the plane (κ1, v) for κ2 = 0.1, and (b) on
the plane (κ2, v) for κ1 = 0.5. Vertical dashed lines demar-
cate the domain of unbroken CPT symmetry. Cyan domains
correspond to stable solitons; red domains correspond to soli-
tons with relatively strong (exponential) instability and do-
mains with broken CPT symmetry; gray domains correspond
to solitons with relatively weak (oscillatory) instabilities. (c)
Dependencies U(v) for solutions with κ1 = 0.5 and κ1 = 0.6
and b, κ2 as in panel (a). (d) Propagation of the unstable
soliton with b = 1.08, κ1 = 0.5, κ2 = 0.1 and initial velocity
v = 3.1. The result is shown in the frame ξ moving with ve-
locity v. Only the first component |q1| is shown. In all panels
κ0 = 1 and γ = 0.2.
to a more complicated propagation when velocity of
the wavepacket strongly changes with distance z, see
Fig. 3(d). Notice that the dynamics in Fig. 3(d) is plotted
in the frame ξ moving with the constant velocity v equal
to the initial velocity of the soliton. Respectively, a wave
moving towards ξ → −∞ in Fig. 3(d) has the velocity
smaller than v, whereas propagation towards ξ → +∞
corresponds to velocities exceeding v. Another unsta-
ble regime observed in simulations (not shown here) is
the unbounded growth of the soliton power in the active
waveguide.
An interesting feature of the considered model is that,
apart from the simplest one-hump solitons, it admits
more complex stationary solutions in the form of multi-
hump solitons. A diversity of such solutions can be very
rich (depending on the characteristics of the coupling).
They can form families characterized by sophisticated
power curves U(v), as shown in the example in Fig. 4(a)
where four two-hump solutions with different powers co-
exist for a given velocity v (notice that the intersection
point at v ≈ 0.08 does not correspond to a bifurcation;
FIG. 4: (Color online) (a) Example of a diagram showing
dependence of the power U on the soliton’s velocity v for two-
hump solitons. Here κ0 = 1, κ1 = 0.066, κ2 = 0.85; γ = 0.4,
and b ≈ 1.09. Red and black dots label unstable and stable
solutions whose propagations are shown in Fig. 5(a) and (b),
respectively. (b) Amplitudes |q1,2| and currents j1,2 for the
stable solution shown in (a) with the black dot.
FIG. 5: Dynamics of two-hump solitons shown with red (a)
and black (b) dots in Fig. 4. The initial velocity is v = 0.11
(a) and v = 0.12 (b). In both panels, the propagation is
plotted in a frame moving with velocity v, and only the first
component |q1| is shown.
it corresponds to two different solution with equal ve-
locities v and powers U). A characteristic double-hump
soliton profile is shown in Fig. 4(b). Whereas most of
the solutions in Fig. 4(a) are unstable, a detailed stabil-
ity scan reveals small segments on this diagram where the
instability growth rate vanishes, and two-hump solitons
become stable. Examples of unstable and stable propaga-
tion of two-soliton solution are presented in Fig. 5(a) and
Fig. 5(b), respectively. The unstable solution eventually
breaks into a pair of the solitons propagating with differ-
ent velocities (one of the velocities is smaller than that
of the initial soliton, whereas another soliton propagates
faster than the initial two-hump state). In contrast, the
stable two-soliton configuration propagates undistorted
for indefinite propagation distance, in spite of a pertur-
bation added to the initial profile.
To conclude, we investigated solitons propagating in a
CPT -symmetric directional coupler whose symmetry is
determined by the gain-and-loss balance and the inter-
5modal coupling. Strong coupling dispersion is shown to
allow for unbroken CPT -symmetric phase which is bro-
ken in a weakly dispersive coupler. Small-amplitude soli-
tons were found in the explicit form, and properties of
moving one- and two-hump solutions were described.
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